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1. (12 points) For the matrix 4 and its reduced row echelon form are given below:

5 15 5 0 4 13100
a4 12 4 5 =31 L _10 00 10
-2 -6 -2 0 -2 0000 1
-2 -6 -2 1 -5 0000 0

Answer the following questions:
(a} (3 points) Find a basis for the null space of A.
(b) (3 points) Find a basis for the row space of 4.
(¢} (3 points) Find a basis for the column space of 4.
(d) (3 points) Find the rank and the nullity of 4.

2. (8 points) The following vectors

1
71‘: 0 ;[Ti:

2

-1 1 0
0.7 =(2].,7=]1
-2 6 2

span a subspace ¥ of R3, but not a basis for V. Answer the following questions.
(a) (4 points) Choose a subset of {7), U,, T3, ¥y} which forms a basis for V.
(b) (4 points) Extend this basis to a basis for R3.

1 3

3. (10 points)Let ¥; = [2} and U, = [ 0 J and let P be the plane through the origin spanned by ¥; andv,.
1 -3

(a) (5 points) Find an orthonormal basis of P.

(b) (5 points) Find the peint on £ which is closest to the point (1,0,0).

4, (10 points) Let B; and 7, denote the following vectors in R3.
2/3 —v2/2
vy = vy =

-1/3 0
—2/3 —V2/2
(a) (3 points) Find a vector v3 sothat D;, ¥, V3 form an orthonormal basis B of R®. How many
choices are there for the answer?
(b) (3 points) Let T: R* > R*® denote the linear transformation that interchanges 7, and v; and has 7,
as an eigenvector with eigenvalue -5. Write down [T, the matrix of T with respect to the basis B.

(c) (4 points) Write down a product of matrices that equals the standard matrix of 7

5.(10 points) Briefly explain each of the following matrix factorization methods. You also need to specify
the existing constraints for each matrix factorization.

(a} (5 points) QR decomposition

(b) (5 points) Singular value decomposition
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6. (10 points) Determine the truth value of each of these statements if the universe of discourse of each variablg
consists of all real numbers.

(a) (2 points) VxIy(x® = y)

(b) (2 points) Vx3y(x = y*)

(c) (2 points) Vx(x* # x)

(d) (2 points) Vx(|x|>0)

(e} (2 points) dxIp(x+2y=2A2x+4y=35)

7. (10 points) If @ and b are integers and m is a positive integer, then a is congruent to » modulo m if m
divides g — b. We use the notation & = b {(mod m) to indicate that a is congruent to » modulo .

(a) (5 points) Find an inverse of 72 modulo 233.

(b) (5 points) Solve the congruence 72 x = 6 (mod 233)

8. (10 points) How many numbers must be selected from the first 10 positive integers to guarantee that at
least three pairs of these numbers add up to 11?

9. (10 points) A string that contains only Os and 1s is called a binary string.

(a) (5 points) Find a recurrence relation for the number of binary strings of length # that do not contain twe
consecutive s.

(b) (2 points) What are the initial conditions?

(¢} (3 points) How many binary strings of length 7 do not contain two consecutive 0s?

10. (10 points) The complementary graph G ofa simple graph G has the same vertices as G. Two vertices
are adjacent in G ifand only if they are not adjacent in G.

(a) (5 points) If G is a simple graph with 20 edgesand G has 16 edges, how many vertices does G have?
(b) (5 points) If the simple graph G has x vertices and y edges, how many edges does G have?




