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(10%) Compute the determinant of

Find the dimensions of the following subspaces of R®.

(a) (5%) All vectors of the form (g, b, ¢, 0).

(b) (5%) All vectors of the form (a, b, ¢, d), where d=a-+bandc=a - b.
{¢) (5%) All vectors of the form (a, b, ¢, d), where a=b=c=d.

-1 1 -1
(10%) The matrix 4 = [ 1 -1 —-—IJ has eigenvalues 1, -2 and -2. Find an orthogonal matrix P
-1 -1 -1

and a diagonal matrix D such that 4 = PDPT,
(6%) Let v1 and vs denote the following vectors in R’ ;
-1/3 0

—2/3 —v2/2

Find a vector v3 so that vi, v2, va3 form an orthonormal basis for #°. How many choices are there for the

[2/3} ~\2/2

answer?

Let 4 be the 2x2 matrix with eigenvalues A1 = 2, and A = -1 for which vi = [ 21] and vz = [ 1 1] are

corresponding eigenvectors .

(a) (3%) Find 4.

(b) (2%) What are the eigenvalues of (4-+)?
(c) (4%) Calculate (4+1)'%,

(5%) An n-dimensional hypercube, or #-cube, denoted by @, is a graph that has vertices representing

the 27 bit strings of length . Two vertices are adjacent if and only if the bit strings that they represent
differ in exactly one bit position. By the definition of Qu, draw the graph Q.

(10%) Solve the recurrence relation a2 —2g’, =1 for n>1 where a,=1.




3P IR RS 109 £ 5F B AR PR3 4 43

FHB LM #E AHBAE 2 A B2 A
herias BN LELZ-F4 28

8.

10.

1.

(10%) How many paths of length four are there from a to d in the following graph? List all paths.

17 b

e ¢

If a and b are integers and m is a positive integer, then a is congruent to b modulo m if m

divides a - b. We use the notation 4 = b (mod m) to indicate that 4 is congruent to b modulo m.
(@) (5%) Find an inverse of 144 modulo 233.

(b) (5%) Solve the congruence 144 x = 7 (mod 233)

(@) (3%) How many cards must be selected from a standard deck of 52 cards to guarantee
that at least five cards of the same suit are chosen?
(b) (2%) How many must cards be selected to guarantee that at least five hearts are selected?

A string that contains only 0s and 1s is called a binary string,

(@) (5%) Find a recurrence relation for the number of binary strings of length # that contain
three consecutive Os.

(b) (2%) What are the initial conditions?

(¢) (3%) How many binary strings of length seven do contain three consecutive 0s?




