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1. Let S be the standard basis for R3, and let B = {uy, w2, u3} be another basis for B>
inwhichu; = (1,2, DT uz=(2,5,0)7, and us=(3, 3, 8) 7.
a) (5%} Find the transition matrix from B to S
b) (5%) Find the transition matrix from S'to B.
¢} (5%) Let (5, -3, 1) 7 be the coordinate vector of w relative to . Find the

coordinate vector of w relative to B,

2. Letu=(i,1,1)anda=(0,2,-1).
ay (5%) Find the vector component of u along a.
b) (5%) Find the vector component of u orthogonal to a.

3. (8%) Find the least square line y = ax + b that fits the three data point (-2, -11),
(0, -2), (4, 2).

4, (7%) Finda 3x3 symmetric matrix whose eigenvalues are A1 =4, A =2, A3 =
0 and for which the corresponding eigenvectors are vi = (1, 1, 0)%, v = (0, 0, 1)7,
vi=(-1,1,0)".

5. Let W< R be the subspace spanned by w= (1, 1, D7. Let W* be the
orthogonal complement of W . Letv =(1, 0, 1)’.
a) (6%) Find an orthonormal basis of #*.
b) (4%) Find the projection of v to W',

6. (7%) Determine whether these statements are true or false.
)@ E{@} b)Bc {{B}} o) {8} {0, {{B}}} - D){B}<c{{®}}~
e) {8} < {9, {8}} ~ D) {{8},{0}} = {0, {B}} ~ o) ({83} c {{2}, {O}}

7. (8%) A father tells his two children, a boy and a girl, to play in their backyard
without getting dirty. However, while playing, both children get mud on their
forecheads. When the children stop playing, the father says “At least one of you
has a muddy forehead,” and then asks the children to answer “Yes” or “No” to
the question: “Do you know whether you have a muddy forehead?” The father
asks this question twice, What will the children answer each time this question is
asked, assuming that a child can see whether his or her sibling has a muddy
forehead, but cannot see his or her own forehead? Assume that both children are
honest and that the children answer each question simultaneously.
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8. (10%) Sﬁppose that two people play a game taking turns removing, 1, 2, 3 or 4
stones at a time from a pile that begins with 22 stones. The person who removes
the last stone wins the game. Show that the first player can win the game no
matter what the second player does.

9.  (10%) How many numbers must be selected from the set {1, 3,5, 7, 9, 11, 13, 15,
17, 19, 21, 23} to guarantee that at least three pairs of these numbers add up to
247

10. (10%) Find the solution to the recurrence relation a, = 2@yt - an2 for n >1 with
initial conditions ao = 4, a1 = 1.

11. (5%) The complementary graph G of a simple graph G has the same vertices
as G. Two vertices are adjacentin G if and only if they are not adjacent in G. If
G is a simple graph with 27 edges and G has 28 edges, how many vertices does
G have? '




