B 3P B K2
115 & S E g L343 4 £ R
‘5%\1 g
[ % 2

i |

B BF

Ay | EWMIESA

— R ERFR—
MARLATH s DA TR B TSR 2 AMeR HBARRT

ABAF -
| RHAFRET AN B 2L KRBT AEMMRE ERFER
Fw g
2. F XL E > T MBESL ) FRERLTE > BEPHFLES -
ISR ARG 40 48 P R AT o
423 B BELERE (BFEH) FEBEN TR °
SHEMLERAELCREEE (S8%) 58 -
6. SRABARE AR -







P E RS 115 L& FAE- P A A3 A

#B LA BE A#B#2EH %17
Ay BMIEEA

1 (5 pt) Prove or disprove that A is row equivalent to [.

A 0 0 0
A= 13 2 0 0
5 105 1 0

e 3 11 7.7

2 (5 pt) Given two non-overlapped spheres P and @, determine whether there exists an invertible matrix
transformation T:R3 — R? such that the images of P and Q under T are overlapped. Briefly

explain your answer.

3 (10 pt) Determine whether the polynomial
p=1+x+x*+x3
is in the span of p; = 8 — 2x + x2 — 4x3, p, = =3 + 9x + 11x? + 6x%, and p; = 13 —x + 2x* + 4x°.

4 (5pt)Istherea 3 X 3 symmetric matrix with eigenvalues A; = —1, 1, =3, 43 =7, and
corresponding eigenvectors v; = [0 1 —1], v, =[2 0 0], v =[-3 2 —2] ?Explainyour

reasoning.

2 2 1 0
5 Suppose we know that Ax = 4] and the general solution of x 1is 0] +s|1]+¢t10].
2 0 0 1

(1) (1 pt) What is the dimension of the row space of A?
(2) (4 pt) Whatis A?

6 For each of the following, provide or disprove that it is an inner product on the given real vector space.
(1) Gpt) {(a,b),(c,d)) =ac—bd in R2
(2) (3 pt) (4,B) =tr(A + B) on the vector space of 2 X 2 real matrices.

3B) @pb {f.g)= fol f'gdx on the vector space of polynomials. Note that f” is the first derivative

of f.

7  Consider the following matrix.

2 e ]

Suppose we know that ATA can be orthogonally diagonalized as QDQT, in which

a=|
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144 0 0 1/3  2/3  2/3
Dz[o 9 O]ansz[Z/B ~2/3 1/3}.

0 0 0 2/3 1/3 =2/3

(1) (8 pt) Find the reduced singular value decomposition of A.
(2) (2 pt) Compute the rank 1 approximation of A.

8  Use the rules of inference to construct a valid argument showing that the conclusion “Someone who
passed the first exam has not read the book.” follows from the premises:
“A student in this class has not read the book.”
“Everyone in this class passed the first exam.”
Let C(x) denote “x is in this class”, B(x) denote “ x has read the book”, and P(x) denote “x passed the
first exam”.
(1) (5 pt) Translate the premises and conclusion into symbolic form.
(2) (10 pt) Construct a valid argument step by step. You need to provide the rules of inference or
reason in each step.
9.
(1) (5 pt) What is the number of possible ways to parenthesize the product of 4 numbers Xo - X1 * X2 * X3 ?
List them all.
(2) (10 pt) Find a recurrence relation for Cy,, the number of ways to parenthesize the product of n + 1
numbers, Xo * X1 * X2 * =+ - Xu, to specify the order of multiplication. You also need to provide the initial
conditions for the recurrence relation.

10. (10 pt) Show that Every infinite set contains a countably infinite subset.

11. (10 pt) Let G be a graph with adjacency matrix 4 with respect to the ordering vy, ..., v, of vertices (with
directed or undirected edges, multiple edges and loops allowed). Prove by mathematical induction that
the number of different paths of length » from v; to v;, where r >0 is a positive integer, equals the (i,/)th
entry of A"




